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We present new numerical results for the renormalized mass and coupling in non-compact lattice QED with 
staggered fermions. Implications for the continuum limit and the role of the Landau pole are discussed. 



1. INTRODUCTION 

In the 1950s Landau investigated the relation 
between the bare charge e and the renormalized 
charge en, in QED. He found Q 
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where A is the momentum cutoff, iur is the renor- 
malized mass of the electron and Nf is the num- 
ber of flavours (for staggered fermions Nf = 4). 
It is well known that (|lj) implies two potential 
problems when A — » oo: 

• When e is fixed the theory has a trivial con- 
tinuum limit, i.e., e R — > 0. 

• When e# > is fixed e becomes singular at 
A La ndau = m R exp (6ir 2 / N f e 2 R ) . This singu- 
larity is called the Landau pole. 

These problems do not affect the phenomenolog- 
ical success of QED because in practical pertur- 
bative calculations the cutoff can be chosen to be 
large compared with experimental energies. Find- 
ing a solution to them is of fundamental theoret- 
ical interest and requires non-perturbative meth- 
ods. We have therefore extensively studied QED 



on the lattice using non-compact gauge-fields and 
dynamical staggered fermions [^],[| . 

In this talk we report on new measurements 
of the renormalized mass and charge. This 
was started in Q and is now extended to lat- 
tices of size 16 4 and bare masses am down to 
0.005 (a denotes the lattice spacing). Using 
our measurements we have determined functions 
am R {e 2 ,am) and e R (e 2 ,am). These functions 
imply that the theory is trivial. They also give a 
resolution of the Landau pole problem. 

2. THE RENORMALIZED MASS 

The renormalized mass was obtained from fits 
to the fermion propagator as explained in To 
get am R as a function of am and e we need to 
know the equation of state which relates the bare 



parameters to the chiral condensate a 
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In |3J we have found that the a data obey a mean 
field equation of state with logarithmic correc- 
tions 
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We fitted this expression to a data that were 
extrapolated to infinite lattice size and ob- 
tained l/e 2 c = 0.19040(9), A = 1.798(5), 
Po = 0.324(15), A 1 = 6.76(3), Pl = 0.485(7), 
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Figure 1. Sketch of the mapping (e 2 ,am) <-> (e R ,amn). 



X 2 /d.o.f = 7.6. 

We have observed that er can be well described 
by a polynomial in am R 

a = Aiam R + A 3 a 3 m R + A 5 a 5 m 5 R + A 7 a 7 m 7 R (3) 

where the first parameter A\ = 0.6197 can be 
taken from perturbation theory and a fit to data 
from 12 4 and 16 4 lattices gave A 3 = -0.321(5), 
A 5 = +0.169(13), A 7 = -0.040(7), x 2 /d.o.f. = 
2.1. Because the results of both lattice sizes fall 
on a universal curve we conclude that the poly- 
nomial (||) is also valid on an infinite lattice. 

3. THE RENORMALIZED CHARGE 

The determination of the renormalized charge 
has been improved since Q . The method can only 
be sketched here. It consists of making a global 
fit to all gauge field propagators D(k) that we 
have measured 
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where L is the linear lattice size. The ansatz for 
the fit function II was taken from [H to be 



H = U- -ln(l - e 2 U) 



where U is given by 1-loop lattice perturbation 
theory (see 0]) and where we have set 



V(k, arriR, L) = vq + viU(k, amn, L) . 
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We then find e R (e 2 ,amn) using e 2 R — Z 3 e 2 and 
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A simultaneous fit of (|J) to the gauge field prop- 
agators at our 52 values (e 2 ,am,L) gave vq = 
-0.00207(2), vi = -0.0328(7), x 2 /d.o.f. = 1.7. 
Since U{Q,am R ,oo) w (A^ / /67r 2 )(-0.31 + lnar7i J? ) 
we only find small corrections to the old result (0) . 

4. DISCUSSION 

We can now discuss the mapping (e 2 , am) <-» 
(e|j, am R ). A global qualitative view of this map- 
ping is shown in Figure |, while a quantitative 
plot of (l/e 2 ,am) <-> (l/e R ,am R ) is shown in 
Figure |[ 

In both figures accessible regions are plotted 
in grey. The whole plane of bare parameters is 
accessible but this plane is mapped only onto a 
part of the plane of the renormalized parameters. 
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Figure 2. Quantitative picture of the mapping (l/e 2 ,etm) «-» (1/ e R , ama) . In the plane of the bare 
parameters lines of constant l/e R are shown indicating the renormalization group flow of e R . In the 
plane of the renormalized parameters the lines of constant am are shown. 



The border of the accessible region is shown as a 
thick line. It is the image of the corresponding 
thick line on the am — line starting/ending at 
the critical value of the coupling constant. 

On the line am r : = in Figure |l| the only ac- 
cessible point is the origin. This reflects triviality. 
In Figure [| triviality is expressed by the fact that 
no line of (finite) constant l/e R flows into the 
critical point. 

The dotted line in both figures is the position of 
the Landau pole, i.e., the line of pairs {e R ,amn) 
with 1/e 2 = from (@) with IT = U. This line is 
well separated from the border for all finite e R . 

5. CONCLUSIONS 

From the presented analysis we conclude 
that non-compact lattice QED with staggered 
fermions has a trivial continuum limit. In addi- 
tion our analysis implies a resolution of the Lan- 
dau problem. The resolution is that for given 
e and am the theory does not allow arbitrary 
choices of amR. Instead through chiral symme- 
try breaking the theory itself provides a minimal 



lattice spacing or maximal cutoff which is below 
-A-Landau- Non-perturbatively the function IT is 
very close to what one finds in perturbation the- 
ory, but there is no Landau pole problem because 
the pole always lies in the forbidden region. 
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